Integration

1 Integrate the following:
2x
a) f2_3x2 dx
3-x
2x 1 —6Xx
a) e =3l e

= —%ln(Z —-3x%) +c

b) [ dx = [ZFdx
=f;Tx+1dx
=-2In@2-x)+x+c

d x? 2
2 a) Show that Eln( ) == cotx.

sinx

b) Hence, find f%cotx dx.

d x2 2xsinx—x?cosx _ sinx
a)—In(= = X

dx sinx
__2sinx—xcosx

sin? x x?2

) xsinx
== cot x (Shown)
b)f%cotxdx =%[fcotxdx+f%dx—f§dx]
= —l_f—cotxdx—fgdx+f§dx]
= _1rz_ _ (2
= :fx 2cotxdx fxdx]
=2 ln(x )—21nx]+c

sinx
1

= —=|In ]+c

21 sinx
1 .
= Eln sinx + ¢
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3 2
x°—=x“+3x+9
3 a) Express ————
x(x2+3)

b) Differentiate In(x? + 3) with respect to x.

in partial fractions.

c) Use the results from parts (a) and (b) to find f %;w
x3—x2+3x+9 —x249 o
xozis) L tigzg  (bylongdivision)
x  x2+3
—x24+9=Ax?+3)+x(Bx+ ()
Subx =0,
9=34
A=3

Comparing x2-term,

—x% = Ax? + Bx?
—-1=3+8B

B=—-4

Subx =1,
—-1+9=4A+B+C
C=—1+9—4(3) - (—4)

C=0

' x3;?;21339;+9 =1+ % B x3i3
b)—(l3n(x +3)) = 2+3
I = I
= [[1+2dx— 2] 5;‘3

=[x+3 lnx] —2[In(x? + 3)]?
= (3.079) — (1.119)
=196
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4 The diagram shows the curve y? = —x + 3 and the line y = —x + 1. Find the area of the
shaded region.

)y?=—x+3 (1)
x=3—1y?
y=—-x+1 -—-(2)
x=1-y

Equate (1) with (2):

(—x+1)>=—-x+3

x24+41-2x+x—-3=0

(x—2)x+1)=0

x=-1 or x=2

y =2 or y=-1

Coordinates of y-intercept of y = —x + 1is (0,1)
To find y-intercepts of y? = —x + 3:

y2=0+3

y=+3 or —/3

Area of Shaded Region = ff(S -y -1 —-y)dy—(— flﬁl —ydy)

V3 V3
= 2-y*+ydy+ [ "1-ydy
V3 V3
_ y: o y? y?
=y -5+5] +l-F,
= (3.232 \ (— Z)) +(0.232 — 0.5)

6
= 4.13 units?
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5 The diagram shows the curve y = — % + 4. AB is the tangent to the curve and is parallel to CD.
D is the point (0,-1).

i) Find the gradient of CD

ii) Find the coordinates B and A

iii) Find the area of the shaded region ABCD.

y
=——+4
B g t
7 > x
i)Suby=0intoy=—;—2+4
0=-—=+4
X
4 = 4x?
x=1 or x = —1 (Rej)
Gradient of CD = 01(__01) =1
.. 4
iy=-—>+4
dy _ 2 _ 8
dx x3  x3
Since Gradient of AB = Gradient of CD =1,
8
1 ZF
x =2
y=3

Coordinates of B is (2,3).
Equation of AB: (y —3) = 1(x — 2)
y=x+1
Coordinates of Ais (0,1).
iii) Equation of CD: (y — (—1)) =1(x—-0)
y=x-—1
Coordinates of Cis (1,0)
Area of Shaded Region = flz(x +1)— (—;—2 +4) dx + fol(x +1)—(x—1)dx
2 4 1
=Jix+5—3dx+[;2dx
_[¥_4 ? 1
= [? - ; — 3X]1 + [ZX]O
=(-6—-(—-6.5)+(2-0)
= 2.5 units?
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6 a) The shaded region below is bounded by the curve y = In Vx, the x-axis and the line x = 2.
Show that the area of the shaded region below is, A =1n2 — %

y
A

y =Invx

> x
a) Whenx =2, 0
=Inv2
y =2 x=2
y =InVx
e¥ =x
ey =x
Area of shaded region = fgnﬁZ —e?dy
e2y Inv2
=[2r -],
2InvZ 2(0)
=2Inv2 —*———2(0) + =
In2
N P
_ _z2,1
=1In?2 >t5
=In2-1
2
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7 The gradient function of a curve is given by 3x? + 3x — 18. The cure has a maximum values of
K and a minimum value of —12. Find the value of K.

At turning points,Z—z =0
3x2+3x—18=0

x> +x—-6=0
x+3)(x—2)=0

The 2 turning pointsareatx = —3 and x = 2
d’y
ﬁ =6x+3

2
Whenx =2,22=15>0
dx
~ (2,—12) is a minimum point.
2
When x = —3,d—32/= —-15<0
dx
~ (—3,m) is a maximum point.
y = [3x?+3x—18dx
= x3 +§x2 —18x +c
Subx =2,y =-12:
—12 =23 +§(2)2 —18(2) + ¢

c=10

~ equation of curveisy = x3 + %xz —18x + 10
When x = =3,

y = (=3)* +2(-3)2 - 18(-3) + 10

y =505
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2
8 A curve has a turning point at (2, —10) and % = 12x — 6. Find the equation of the curve.

2

&Y —12x -6

ay
—=J12x—6dx

L~ 6x2—6x +c
dx

Since turning point at (2, —10), % = 0 whenx = 2:
0=6(2)>-6(2)+c
c=-12
2= 6x? —6x — 12

dx
y=[6x?—6x—12dx
y=2x3-3x2—-12x+c
Sub (2,—10) into equation:
-10=2(2)3-3(2)?-12(2) +¢
c=10
~ equationisy = 2x3 — 3x2 — 12x + 10
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9 The gradient of a function of a curve is given by % — 2. Given that theline 7y = x + 20isa

normal to the curve, find the equation of the curve.
7y =x + 20
1 20
y=-x+—
Gradient of normal = %
Gradient of tangent = —7

40

G 2=
(x—3)2%=-8
x—3=-2
x=1

Sub x = 1 into equation of normal:
1 20

y=-M+=

y=3

~ Point (1,3) lies on the curve

y=[—2__2dx

(x=3)3
y=—(xig)2—2x+c
3= —% -2 +¢
c=10
~ Equation of curve isy = —%— 2x + 10.
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10 Solve the following indefinite integrals:

1
f sin? 2x + ————dx
cos?(x + 2

s
ftan2 (x + 5) + cos x sinx dx

_
cos2(x+m)
= f%—%cosélx + sec?(x +%) dx

i) [ sin?2x + dx = [ 4 sec?(x +%) dx

2
=lx—lsin4x+tan(x+z)+c
2 8 6

ii) [ tan? (x + g) + cosx sinx dx = [ sec? (x + g) -1+ %sin(Zx) dx
= tan (x +g) - X —%cos(Zx) +c
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